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in which Eo/N = (MTﬁT+NLﬁL)+’U|ﬁTﬁL+Ag/|U|+ACTACL/|U| and &, = 6k0—,LLU—|U|Tl5 =
€ko — [lo- Defining the spinor @ZJ;L = (CJ]LT, C—kls C};JFQT, c_k—q|) we can rewrite the Hamiltonian
as
Hyp=Eo— Njig+ Y ¥ My, (A.8)
keRBZ

where the matrix My has the form

EkT — ﬂT —Ab _ACT 0
—Ay —Eg| + 1 0 —Ag
My = - A9
k _ACT 0 _EkT — MT —Ab ( )
0 —Ag AV €k + )

We suppose that the matrix 4x4 can be diagonalized, and the eigenvalues: F1 j, —FEa ., B3 1, —E4q
and eigenvectors are: goT = (a;k7 a k., a;k, asy). Therefore we obtain the diagonal Hamilto-
nian

HMF = E() - Nﬂl — Z (E27k + E47k) + Z E,,kalka,jk. (A.IO)

kCRBZ EERBZ,v

In fact, we can not obtain an analytical expression of the eigenvalues, so we can not minimize
the free energy to get the self-consistency equations. We will try to solve this problem in the
following by numerical method. We suppose a lattice with a finite number of sites, then for
each wave vector k we diagonalize the matrix My, and calculate the functional of free energy

FlAp, A, Ac)] = Eo — Njip — Y (Bog+ Eag) — 671 . log(1+e PP x). (A1)
keRBZ v,keRBZ

When T = 0 the functional of energy of the ground state is

E[Ab, AcTa Acl] =FEy— N/Il — Z (EIQJC + E47k) + Z E,/kf(Eyk). (A12)
keRBZ v,k€RBZ

For each couple (U, z), we plot the energy of the ground state, and determine all the local
minima. The global minimum gives the order parameters of the ground state. In this general
approach, there is no explicit form of the self-consistency equations. We proposed to use
a numerical scheme to solve the problem. The self-consistency condition relates the static
average value of the observable to a parameter. Therefore, we can start with a certain guess
for the order parameter, compute the static average value of the observable then reenter it
into the mean-field Hamiltonian as a new guess of order parameter. The iteration finishes
whenever a converged solution is reached.

A.3 Energy competition at half-filling

In the CDW phase, at half-filling the energy and the gap equations read

Foow — By = —H(51 4 21 A3
CDW — n__Z(WT—'—WL) (A13)

1 A A_
v Z g = UU' (A.14)

KERBZ \/ €3, + AZ U]

In the BCS phase, we have the energy and the gap equations
A2

Epcs — En = ——8%5— (A.15)

WT-i-Wl
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1 1 2
i N S (A.16)

N z’; \/ er + A% U]

where ¢, is defined as (1 + €|)/2. The energy difference between Epcg and Ecpw reads

1, A% A} A2
E — Epos = —~ (w5 + =) + B¢ A7
cow — Epcs 4(WT+WL)+WT+WL (A17)
In the mean-field strategy, the energy of the CDW phase is obtained by minimizing over two
parameters Ay and A
Ecpw = min ECDW[AT, Al]
(Ap,Ap)

Let us now consider the energy K7y, defined as

A2 1 1
B py = min E AA:—AEEQf —J>E .
cow = min Ecpw[A, Al 1 Gy Ty) = Beow
The minimization over the parameter A induces that Agpy is solution of the following gap

equation:

2 _ ! (A.18)

M_Z/2+N '
ko A/ €k CDW

We will compare this energy Efpy;, to the energy of the BCS phase Epcg. As the function
g(x) = 1/vx? 4+ A? is convex, therefore

1 1 2
_.I_
\/5iT+A2 \/5il+A2 e2 + A?
1 1 1 1
.1 L1y
N 2
kERBZ,0 \/€1y T+ AZpw k /€ T ACpw

Apcs and Acpw are satisfied the gap equations Eq.A.16 and Eq.A.18, respectively. Thus
we obtain:

NZ}igjffﬁj:NE}ir—ja (A.19)
ko€ +Atpw koy/€k T ABes

The function 1/v/22 + A2 is positive and monotonously decreased in variable A, therefore we
have: Acpw > Apcs. In addition, we have the following inequality for all W = Wy 4 W:

1 1 4

+ >
Wy W, Wi+ W,
We conclude that

A2 1 1 A2
_ZCDW + ——BCS < (A.20)

E? —F = —
g BCS 4 WT Wl WT + Wl -

which means that Ecpw — Epcs < 0 for all z = (W — W) /(W + W)).






Appendix B

Appendix on dynamical mean-field
theory

B.1 DMFT for the phase with long range order

Here, we use the DMFT description for the study of the super-fluid phase with off-diagonal
long rang order in presence of an external field.

H=— Ztg(c;rgcjg + h.c) —|U]| Z NG| — Zugc;-racw (B.1)
(i.5) g é
We define the Nambu spinor: 1/13 = (c;.rT, ¢i)), then the Hamiltonian is
H = =3 (0T + hee) = U1 mignay = 3 S olui +C, (B.2)
(i.5) ¢ ‘
where C is a constant and T = diag[ty, —t|], p = diag[ur, —p;]. We define the Green function
for these Nambu spinors: G(k,7) = (Tka,Tw}; o)- Its Fourier transformation is

oy | Gr(Ryiwy) F(k,iwy,)
Gk, iwn) = [ Flkyiwn) —Gy(—k,—iwn) | (B.3)
The effective impurity action reads
o g g 1ot -1 / /
Sery = ; dr ; dTho(T)Go ™ (T = T)1o(7')
B
] /0 d7101 (7)110 (7).
We define the on-site self-energy as following
Simp (iw) = Gy (iw) — G~ (iw), (B.4)
this local self-energy in this case has the matrix form
ey | Br(iwn)  S(iwn)
21mp(7’<")n) - |: S(an) El(iwn) (BS)

The DMFT consists to approximate the lattice self-energy to the impurity self-energy. In the
real space, this means that we neglect the non-local component of 3;; and approximate the
on-site one by Xjmp

Eii ~ Eimp, Ei;zéj ~ 0.

161
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Hence, it yields the mean field self-consistency equation

-1

Gumplis) = Y | 1) st o) (B.6)

- —S(iwn) Q(z’wn) + €k ’

where (,(iwy,) = iwp, + 0 lie — Lo (iwy,). In the limit d — oo for the Bethe lattice, this relation
can be simplified to
G (iwp) = iwp + po, — TG (iw,)T. (B.7)

B.2 Exact diagonalization solver, Lanczos method

In order to study the ground state at zero temperature, we propose to use the exact diago-
nalization by the Lanczos method to solve the Anderson’s impurity model.

B.2.1 Anderson impurity model

We consider an effective Anderson local impurity model in which the local site (note "d") is
in contact with a bath with ng (<10) sites via the hopping parameters ty, (k =1,2...). The
bath has the energy distribution e, without interaction. In the impurity site, the interaction
is Unging). In order to study the paring state in the impurity site, we introduce the paring
coupling on the bath Aycyrci) +h.c. The Anderson’s impurity model reads

€1 &2 &3 Ens1 Ens

Figure B.1: Discrete Anderson’s impurity model where the impurity site "d"
(gray site) is connected with all the sites in the conduction bath (blue sites) via
the hopping Vi, .

Ham = ngaczgcka + Z Ap(cgrer) +he) + Z tkcr(c};oda +h.c) — Z HoNdo + Ungingy,
k7a k,O’ k,O’ o
(B.8)

where ng, = d;r,dg and the creation operator of a particle in conduction band is noted by c;rw.
Again, in the Nambu representation, the Hamiltonian can be rewritten

Vk 0 Ek Ak ~
Ham = zk:(lb;t [ OT Vi ]derh.C)Jrzk:dJ;t [ A}Z en ]W—%M%JrUndTndy (B.9)

The starting Green’s function (non-interaction Green’s function) for DMFT iteration can be
computed from the Anderson’s parameters of this impurity model e, Deltay, Vi,

Goarn (iwn) = iwn — Z VG (iwn) Vi, (B.10)
k
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where Vj, = diag[Vi1, Vi, and G}gath is the Green’s function of the conduction bath

. -1
Wn — €K7 —Ak

. B.11
—Ayg Wy + €k ( )

G i) = |

Thus we have finally the guessed Green’s function for the effective model

g—l oo — : - — + ZWn + g ag

[Goarnl zk: (iwn — ko) (iwn — GeRs) — AZ 8
- Vio Vg Ak

G L o5 — : ) % ‘

[Goarndl Zk: (iwp — O€ke ) (iwn — TEks) — A2

B.2.2 Lanczos algorithm

The idea of the Lanczos method is to construct a basis in which the Hamiltonian has the form
of a tridiagonal matrix [26]. The procedure consists of iterating the basis from an initial state
|¢0). In order to obtain the ground state, the guessed state must have a non-zero overlap
with the ground state. If we do not known any thing about the ground state, it should be
the random summation of all the states in the Hilbert space. Otherwise, if we know some
information about the symmetry (quantum number), the spin, charge or paring of the ground
state, then we can start from a specific sector (subspace). We start with the initial state |¢o),
then the new vector is defined by the vector H|¢pp) subtracted by its projection on the initial

state
_ ~ {¢olH|0)

This state is orthogonal with the initial state: (¢1]|¢0) = 0. We construct the new one which
is orthogonal with both states |¢g), |$1)
(91|H]¢1) (¢1]¢1)

(P1]¢1) (ol ¢o)

The orthogonality (¢2|¢1) = 0 comes directly the definition and the orthogonality of |¢1) and
|po) while the one (¢2|pg) comes from the hermitian property of the Hamiltonian: (¢o|H |¢p1) =
(¢1|H o). By recurrence, we can define the vector |¢p+1) from the couple |¢,) and |¢pn—1)

|Pni1) = H|bn) — an|d1) — b2|dn-1), (B.14)

where n =0,1,2... and the coefficients are

|p2) = H|p1) —

[$1) — |b0)- (B.13)

n H n n n
<¢n|¢n> <¢n—1‘¢n—1>
In this basis the Hamiltonian has the tridiagonal matrix form
[ap b1 0 O i
bi al bz 0 N
H = 0 bz as b3 e . (B.lﬁ)
0 0 b?; a3z ...

The diagonalization of this tridiagonal matrix can be done by using some standard library. In
fact, the convergence of the ground state (the lowest energy state) is quite rapid. Within this
algorithm, we do not need to construct the whole basis of the Hilbert space in order to find
the ground state and the low energy excitations state. As shown in [26], when the number
of iteration is around 100, the ground state is already accurate enough. Thus this method is
convenient to study the low-temperature physics.
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