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in which E0/N = (µ↑n̄↑+µ↓n̄↓)+|U |n̄↑n̄↓+∆2
b/|U |+∆c↑∆c↓/|U | and ξkσ = εkσ−µσ−|U |nσ̄ =

εkσ− µ̃σ. Defining the spinor ψ†k = (c†k↑, c−k↓, c
†
k+Q↑, c−k−Q↓) we can rewrite the Hamiltonian

as
HMF = E0 −Nµ̃↓ +

∑

k∈RBZ

ψ†kMkψk, (A.8)

where the matrix Mk has the form

Mk =




εk↑ − µ̃↑ −∆b −∆c↑ 0
−∆b −εk↓ + µ̃↓ 0 −∆c↓
−∆c↑ 0 −εk↑ − µ̃↑ −∆b

0 −∆c↓ −∆b εk↓ + µ̃↓


 (A.9)

We suppose that the matrix 4×4 can be diagonalized, and the eigenvalues: E1,k,−E2,k, E3,k,−E4,k

and eigenvectors are: ϕ† = (a†1,k, a2,k, a
†
3,k, a4,k). Therefore we obtain the diagonal Hamilto-

nian
HMF = E0 −Nµ̃↓ −

∑

k∈RBZ

(E2,k + E4,k) +
∑

k∈RBZ,ν

Eνka
†
νkaνk. (A.10)

In fact, we can not obtain an analytical expression of the eigenvalues, so we can not minimize
the free energy to get the self-consistency equations. We will try to solve this problem in the
following by numerical method. We suppose a lattice with a finite number of sites, then for
each wave vector k we diagonalize the matrix Mk, and calculate the functional of free energy

F [∆b,∆c↑,∆c↓] = E0 −Nµ̃↓ −
∑

k∈RBZ

(E2,k + E4,k)− β−1
∑

ν,k∈RBZ

log(1 + e−βE�k). (A.11)

When T = 0 the functional of energy of the ground state is

E[∆b,∆c↑,∆c↓] = E0 −Nµ̃↓ −
∑

k∈RBZ

(E2,k + E4,k) +
∑

ν,k∈RBZ

Eνkf(Eνk). (A.12)

For each couple (U, z), we plot the energy of the ground state, and determine all the local
minima. The global minimum gives the order parameters of the ground state. In this general
approach, there is no explicit form of the self-consistency equations. We proposed to use
a numerical scheme to solve the problem. The self-consistency condition relates the static
average value of the observable to a parameter. Therefore, we can start with a certain guess
for the order parameter, compute the static average value of the observable then reenter it
into the mean-field Hamiltonian as a new guess of order parameter. The iteration finishes
whenever a converged solution is reached.

A.3 Energy competition at half-filling

In the CDW phase, at half-filling the energy and the gap equations read

ECDW − En = −1
4

(
∆2
↑

W↑
+

∆2
↓

W↓
) (A.13)

1
N

∑

k∈RBZ

∆σ√
ε2
kσ + ∆2

σ

=
∆−σ
|U | . (A.14)

In the BCS phase, we have the energy and the gap equations

EBCS − En = − ∆2
BCS

W↑ +W↓
(A.15)
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1
N

∑

k

1√
ε2
k + ∆2

BCS

=
2
|U | . (A.16)

where εk is defined as (ε↑ + ε↓)/2. The energy difference between EBCS and ECDW reads

ECDW − EBCS = −1
4

(
∆2
↑

W↑
+

∆2
↓

W↓
) +

∆2
BCS

W↑ +W↓
. (A.17)

In the mean-field strategy, the energy of the CDW phase is obtained by minimizing over two
parameters ∆↑ and ∆↓

ECDW = min
(∆↑,∆↓)

ECDW [∆↑,∆↓].

Let us now consider the energy E∗CDW defined as

E∗CDW = min
∆

ECDW [∆,∆] = −∆2
CDW

4

( 1
W↑

+
1
W↓

)
≥ ECDW .

The minimization over the parameter ∆ induces that ∆CDW is solution of the following gap
equation:

2
|U | =

∑

k,σ

1√
ε2
kσ + ∆2

CDW

. (A.18)

We will compare this energy E∗CDW to the energy of the BCS phase EBCS . As the function
g(x) = 1/

√
x2 + ∆2 is convex, therefore

1√
ε2
k↑ + ∆2

+
1√

ε2
k↓ + ∆2

≥ 2√
ε2
k + ∆2

⇒ 1
N

∑

k∈RBZ,σ

1√
ε2
kσ + ∆2

CDW

≥ 1
N

∑

k

1√
ε2
k + ∆2

CDW

∆BCS and ∆CDW are satisfied the gap equations Eq.A.16 and Eq.A.18, respectively. Thus
we obtain:

1
N

∑

k

1√
ε2
k + ∆2

CDW

≤ 2
|U | =

1
N

∑

k

1√
ε2
k + ∆2

BCS

. (A.19)

The function 1/
√
x2 + ∆2 is positive and monotonously decreased in variable ∆, therefore we

have: ∆CDW ≥ ∆BCS . In addition, we have the following inequality for all W = W↑ +W↓:

1
W↑

+
1
W↓
≥ 4
W↑ +W↓

We conclude that

E∗CDW − EBCS = −∆2
CDW

4
(

1
W↑

+
1
W↓

) +
∆2
BCS

W↑ +W↓
≤ 0, (A.20)

which means that ECDW − EBCS ≤ 0 for all z = (W↑ −W↓)/(W↑ +W↓).





Appendix B

Appendix on dynamical mean-field
theory

B.1 DMFT for the phase with long range order

Here, we use the DMFT description for the study of the super-fluid phase with off-diagonal
long rang order in presence of an external field.

H = −
∑

〈i,j〉

tσ(c†iσcjσ + h.c)− |U |
∑

i

ni↑ni↓ −
∑

i

µσc
†
iσciσ (B.1)

We define the Nambu spinor: ψ†i = (c†i↑, ci↓), then the Hamiltonian is

H = −
∑

〈i,j〉

(ψ†iTψj + h.c)− |U |
∑

i

ni↑ni↓ −
∑

i

ψ†iµψi + C, (B.2)

where C is a constant and T = diag[t↑,−t↓], µ = diag[µ↑,−µ↓]. We define the Green function
for these Nambu spinors: G(k, τ) = 〈Tτψk,τψ

†
k,0〉. Its Fourier transformation is

G(k, iωn) =
[
G↑(k, iωn) F (k, iωn)
F (k, iωn) −G↓(−k,−iωn)

]
. (B.3)

The effective impurity action reads

Soeff =
∫ β

0
dτ

∫ β

0
dτ ′ψ†o(τ)G−1

0 (τ − τ ′)ψo(τ ′)

− |U |
∫ β

0
dτno↑(τ)no↓(τ).

We define the on-site self-energy as following

Σimp(iω) = G−1
0 (iω)−G−1(iω), (B.4)

this local self-energy in this case has the matrix form

Σimp(iωn) =
[

Σ↑(iωn) S(iωn)
S(iωn) Σ↓(iωn)

]
. (B.5)

The DMFT consists to approximate the lattice self-energy to the impurity self-energy. In the
real space, this means that we neglect the non-local component of Σij and approximate the
on-site one by Σimp

Σii ' Σimp, Σi6=j ' 0.

161



162 Appendix on dynamical mean-field theory

Hence, it yields the mean field self-consistency equation

Gimp(iω) =
∑

k

[
ζ↑(iωn)− εk↑ −S(iωn)
−S(iωn) ζ↓(iωn) + εk↓

]−1

, (B.6)

where ζσ(iωn) = iωn +σµσ −Σσ(iωn). In the limit d→∞ for the Bethe lattice, this relation
can be simplified to

G−1(iωn) = iωn + µσz − TG(iωn)T. (B.7)

B.2 Exact diagonalization solver, Lanczos method

In order to study the ground state at zero temperature, we propose to use the exact diago-
nalization by the Lanczos method to solve the Anderson’s impurity model.

B.2.1 Anderson impurity model

We consider an effective Anderson local impurity model in which the local site (note "d") is
in contact with a bath with ns (<10) sites via the hopping parameters tkσ (k = 1, 2 . . . ). The
bath has the energy distribution εkσ without interaction. In the impurity site, the interaction
is Und↑nd↓. In order to study the paring state in the impurity site, we introduce the paring
coupling on the bath ∆kck↑ck↓ + h.c. The Anderson’s impurity model reads

Figure B.1: Discrete Anderson’s impurity model where the impurity site "d"
(gray site) is connected with all the sites in the conduction bath (blue sites) via
the hopping Vkσ.

HAIM =
∑

k,σ

εkσc
†
kσckσ +

∑

k,σ

∆k(ck↑ck↓ + h.c) +
∑

k,σ

tkσ(c†kσdσ + h.c)−
∑

σ

µσndσ + Und↑nd↓,

(B.8)
where ndσ = d†σdσ and the creation operator of a particle in conduction band is noted by c†kσ.
Again, in the Nambu representation, the Hamiltonian can be rewritten

HAIM =
∑

k

(ψ†k

[
Vk↑ 0
0 −Vk↓

]
ψd+h.c)+

∑

k

ψ†k

[
εk↑ ∆k

∆k −εk↓

]
ψk−ψ†dµ̂ψd+Und↑nd↓. (B.9)

The starting Green’s function (non-interaction Green’s function) for DMFT iteration can be
computed from the Anderson’s parameters of this impurity model εkσ, Deltak, Vkσ

G−1
0AIM (iωn) = iωn −

∑

k

V̂kG
bath
k (iωn)V̂k, (B.10)
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where V̂k = diag[Vk↑, Vk↓], and Gbath
k is the Green’s function of the conduction bath

Gbath
k (iωn) =

[
iωn − εk↑ −∆k

−∆k iωn + εk↓

]−1

. (B.11)

Thus we have finally the guessed Green’s function for the effective model

[G−1
0AIM ]σσ = −

∑

k

V 2
kσ(iωn − σ̄εkσ̄)

(iωn − σεkσ)(iωn − σ̄εkσ̄)−∆2
k

+ iωn + σµσ

[G−1
0AIM ]σσ̄ =

∑

k

VkσVkσ̄∆k

(iωn − σεkσ)(iωn − σ̄εkσ̄)−∆2
k

.

B.2.2 Lanczos algorithm

The idea of the Lanczos method is to construct a basis in which the Hamiltonian has the form
of a tridiagonal matrix [26]. The procedure consists of iterating the basis from an initial state
|φ0〉. In order to obtain the ground state, the guessed state must have a non-zero overlap
with the ground state. If we do not known any thing about the ground state, it should be
the random summation of all the states in the Hilbert space. Otherwise, if we know some
information about the symmetry (quantum number), the spin, charge or paring of the ground
state, then we can start from a specific sector (subspace). We start with the initial state |φ0〉,
then the new vector is defined by the vector H|φ0〉 subtracted by its projection on the initial
state

|φ1〉 = H|φ0〉 −
〈φ0|H|φ0〉
〈φ0|φ0〉

|φ0〉. (B.12)

This state is orthogonal with the initial state: 〈φ1|φ0〉 = 0. We construct the new one which
is orthogonal with both states |φ0〉, |φ1〉

|φ2〉 = H|φ1〉 −
〈φ1|H|φ1〉
〈φ1|φ1〉

|φ1〉 −
〈φ1|φ1〉
〈φ0|φ0〉

|φ0〉. (B.13)

The orthogonality 〈φ2|φ1〉 = 0 comes directly the definition and the orthogonality of |φ1〉 and
|φ0〉 while the one 〈φ2|φ0〉 comes from the hermitian property of the Hamiltonian: 〈φ0|H|φ1〉 =
〈φ1|H|φ0〉. By recurrence, we can define the vector |φn+1〉 from the couple |φn〉 and |φn−1〉

|φn+1〉 = H|φn〉 − an|φ1〉 − b2n|φn−1〉, (B.14)

where n = 0, 1, 2 . . . and the coefficients are

an =
〈φn|H|φn〉
〈φn|φn〉

, b2n =
〈φn|φn〉
〈φn−1|φn−1〉

. (B.15)

In this basis the Hamiltonian has the tridiagonal matrix form

H =




a0 b1 0 0 . . .
b∗1 a1 b2 0 . . .
0 b∗2 a2 b3 . . .
0 0 b∗3 a3 . . .
...

...
...

...
. . .



. (B.16)

The diagonalization of this tridiagonal matrix can be done by using some standard library. In
fact, the convergence of the ground state (the lowest energy state) is quite rapid. Within this
algorithm, we do not need to construct the whole basis of the Hilbert space in order to find
the ground state and the low energy excitations state. As shown in [26], when the number
of iteration is around 100, the ground state is already accurate enough. Thus this method is
convenient to study the low-temperature physics.
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